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Abstract—This paper addresses the general problem of multicomponent transport and heterogeneous
reaction in Lévéque’s approximation. The problem always admits an analytic solution when the surface
reactions are first order in the concentrations. Here, explicit expressions for the concentration distributions
are found for the case of a single reversible surface step, but the procedure equally applies to arbitrarily
complex sequences of such steps. The behavior of the solution depends mainly on the value of a dimensionless
axial parameter. Aside from axial distance and mean velocity, it involves all diffusion coefficients, reaction
rate constants and stoichiometric coefficients. For small values of this parameter the solution behaves as if the
surface were a source of constant flux ; for large values, as if the surface were at constant concentration. Thus
the solution exhibits a continuous change from a Neumann to a Dirichlet problem.

NOMENCLATURE
A, species label;
Ai(z), Airy function ([18], p. 446);
B, height of the channel;
C, molar concentration;
Cy, reactant input concentration;
D, diffusion coefficient ;
f(x), = fi(x), function (2.12, B.2) describing

surface quantities ;
g{(x, y),function (2.15) describing
concentration profiles;
diffusion flux ;

o

K, = k,/k,, equilibrium constant ;

k, reaction rate constant;

L, Laplace transform operator;

M, molar mass;

N, number of species;

n, unit normal, mass flux;

D, Laplace transform variable ;

R, number of reactions ;

r, reaction rate ;

u,, = 1-C,/C,, normalized reactant
concentration;;

Up, = C,/C,, normalized product
concentration;

v,0,  velocity field, average value;

X, axial distance, dimensional ;

X, = Bk?X /60D?, axial distance,
dimensionless ;

Y, transverse distance, dimensional ;

¥ =k, Y/D,, transverse distance,
dimensionless.

Greek symbols
a, a constant;
i a constant (2.9¢);

I'(n, z), incomplete gamma function ([18], p. 260);

* Partial results were presented at The Fifth International
Conference on Crystal Growth, Boston (17-22 July, 1977).
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I'(n), = I'(n0), ordinary gamma function

([18]. p. 255);

A, = D,/D,, diffusion ratio;
1, = y/(9x)'?, transverse coordinate
(2.16);
v, stoichiometric coefficient ;
& = Bx!’3 axial coordinate (2.13);
2, mass density.
Subscripts
a, species index (= 1...N);
i, reaction index (= 1...R);
r,p,  reactant, product.

1. INTRODUCTION

LEVEQUE's approximation [1] originally served to
calculate temperature distributions in the thermal
entrance region of a duct,.ie. that region where
Graetz’s solution [2, 3] converges slowly. There, heat
or mass have not yet penetrated into the body of the
fluid; they sample only the linear part of the axial
velocity distribution. The appropriately normalized
temperature or concentration field u(x, y) then obeys
the parabolic equation

ou J%u

and the boundary conditions
u(0,y) = u(x, o0) =0, (1.2)

where x and y are normalized axial and transverse
coordinates. Equations (1.1) and (1.2) admit similarity
solutions under constant surface conditions ([4], pp.
307-309). Specifically, if u(x,0) = 1, then
u =T, n°)T3),
and if Ju/dx(x,0) = —1, then
u = [(9x)"°/T'(2/3)]
x [exp(=n*)—nL(2/3,n%)], (1.4)

(1.3)



746 R. GHEZ

in which 5 = 1/(9x)" is the similarity variable. Pro-
blems of this type have been extended by Herbeck [ 5]
to include axial diffusion, and by Soliman and
Chambré [6] to account for time-dependence.
Lévéque’s approximation is closely related to that
proposed by Fage and Falkner [7]. This last led
Lighthill [8] and Chambré and Acrivos [9-11] to
reduce the temperature and concentration boundary
layer equations to a class of singular Volterra integral
equations. These authors were thus able to deal
numerically with a wide variety of boundary con-
ditions and to give everywhere convergent series
representations when the boundary conditions are
linear. Riley [12] has given a recent review of con-
centration boundary layers.

Leévéque’s problem (1.1) and (1.2) does not admit a
similarity solution when surface conditions vary, e.g.
when heterogeneous chemical reactions occur at finite
rate. However. one expects closed form solutions for
linear boundary conditions. This paper addresses
Levéque's approximation applied to multicomponent
transport and heterogeneous reaction, the reaction
rate being linear in the concentrations. The solution
to this problem bears on catalytic conversion. on
dissolution and etching processes, and on crystal
growth by chemical vapor deposition. Furthermore. it
can provide asymptotic estimates in the entrance
region for analytic calculations that consider reactions
in ducts [13 -16], and. possibly, “starting” procedures
for finite difference schemes. The next section presents
the desired solution for a single heterogeneous re-
versible reaction step. and the third investigates its
asymptotic behavior.

2. TRANSPORT EQUATIONS AND THEIR SOLUTION

Consider the isothermal, fully developed flow of an
incompressible fluid mixture in a channel of height B.
At station X = 0 a concentration C, of reactant A, is
injected into the “carrier”. By carrier one means a
solvant (liquid or gaseous) that can, however. parti-
cipate in the chemical reactions. Convection and
diffusion carry the reactant downstream and to a
reaction surface (X > 0.Y =0) where 1t vields a
product A, according to

carrier + v, A4, w2 v, 4, (2.1)

e
Amongst other things, equation (2.1) can represent a
deposition or ectching reaction: v, and v, are the
absolute values of the stoichiometric coefficients. In
Leévéque’s approximation. the transport equations for
reaction and product concentrations read

o 0y, cC,
OCY/B)-o " =Dy iy ta =17 22)
with boundary conditions
CA0 Y)Y = CoX. 7 ) = C,.

C0,Y)=C X, x)=0

(2.3a)
(2.3b)
The following boundary conditions hold at ¥ = 0:
o py) G
oy rtay
r=kC,—k,C,.

(D,/v,) =r. (2.4a)

{2.4b)

Equations (2.2) and (2.4) are justified in Appendix A
equation (2.4b) applies if the reaction rate of (2.1 is
(pseudo-) first order in the concentrations. In dimen-
sionless form (cf. nomenclature) one gets

~ ~2
cu U

[ [REHY
X [t . 5
. 5 S > 0o O
cu Couy, i~z
Ayt =" {2.5b)
[SAY oy !
[ Cu 1 cu
— = e Ly =K 1up, (2.6}
v, Oy A\'p oy

on (x > 0, y = 0), and both functions satisfy equation
(1.2). Here A = D,/D,, and K = k,/k, is the equilib-
rium constant.

The Laplace transform [17] Liu(x.y)l = Uip. )
applied to the system (2.5) and (1.2) yields the general
solution

P

(274

{2.7b)

U, =2 Ailp" v
U, = ‘y_I,Ai(A‘“}'p‘ .

Equations (2.6) then serve to determine the coefficients

% = A

2 ‘*(\',J,"\'p)1,7
N . Ve
©pLlv v, ATK)ANOY = pt A 0)]

(2.8
Using the known values ([I18]. p. 446) A4i(0)=
1/323T(2/3), Ai'(0) = —1/3'°T(1/3), and the reflec-
tion formula for the gamma function ([18], p. 256)

in the form F(1/3)/T(2/3) = 3Y220)[T(1/3)]% one
finally gets

371“‘F(‘],,"3)\!,Ai(p‘"‘u\‘)

Uplpoy) = om0 2.9
AP V) P4 ) (2.9a)
) 3T AT LA p i
L'p(fh _1’) = e L IR : ! o
pptT+ ) (2.9b)
with

f= 3002 T3]0, + v, A2 K (29

Both transforms (2.9a,b) are of the type
Ai(axp' )/ p(p' 3 + B where o > 0. The inverse trans-
form of the denominator is proportional to the surface
values, and its convolution with+

L[ Aifap'™)]

= (/2730 )" Fexp(— 295, (2,10}
gives the full concentration distributions. Accordingly.
first examine the surface values

u(x,0) = A7 (v (x 0)
2.1

*The value of the numerical coefficient is approximately
1.37172,.

+The inverse transform follows from the relation between
the Airy function and a modified Bessel function, whose
inverse is tabulated ([19]. p. 283).
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FI1G. 1. The function f describes surface values of the

concentrations and the reaction rate as a function of the

normalized axial coordinate ¢. The dashed lines correspond

to the asymptotic expressions [B.4b] and [B.5b] for n =3,

and in which only two and three terms of the series are
summed, respectively.
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where

exp(—p>xz?)
4t+1

s

i 33/2 * oo
1=t =1-3 | e

(2.12)

as evaluated in Appendix B equation (B.2), is a
universal function of fx!/® = & It is useful to exhibit
this variable in the following forms.

¢ = (3Y%/2m)[T(1/3)]%(D,/6Bv)'*
x (Bk,/D,)(v, +v,A**/K)(X/B)""?

= (3Y8/27)[T"(1/3)]*(D/6B0)**(X/B)"13.

(2.13)
The factor (D/6Bv) is inversely proportional to the
Péclet number referred to the generalized mean ([ 18],
p. 10) diffusivity D'* = D}v,Da,+D}?v,Da,, in
which the individual diffusivities are weighted by the
stoichiometric coefficients and Damkohler numbers
Da, = Bk,/D,, (a = r, p). The function f(£)is displayed
in Fig. 1.

Next, using equations (2.9-10) and (2.12) one
calculates the full concentration distributions as the
convolutions
o v3PT(/3)y
ur(x’y - 2n35/6ﬂ

X J dx'x’ 4P exp(—y3/9x) f(x —x')
(4]

=v,(v,+v,4%%/K) g(x,y), (2.14a)
up(x, y) = v,A*3 (v, +v,A2P/K) " 1g(x, A Py),

(2.14b)
where

el

1
X, R — 3
gix, y) T@/3) |0y dsexp(—s*)

332 o R3r3(1 4,3 3
D PR S | /3>2<t (1—y*/9xs”)] |
2n o 441

(2.15)
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It is easy to verify that g(x, 0) = f(x), as should be the
case. Again one sees that g(x, y) is a universal function
of the two variables ¢ (cf. 2.13) and n = a/(9x)!?,
where o = y for the reactant (cf. 2.14a) and a = A3y
for the product (cf. 2.14b). With dimensional quantities
these “similarity” variables read
1. = (26B/3D,)"*(Y/B)(X/B)~'7,
(a=r,p) (2.16)

and coincide with the expressions used for the simple
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FiG. 2. The function g describes the full concentration

distributions as a function of the normalized transverse

coordinate n. For small values of ¢ the distributions tend

towards those [dashed, cf. equation (3.8)] characteristic of
constant surface flux.
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F1G. 3. Same as Fig. 2. For large values of ¢ the distributions
tend towards those [dashed, cf. equation (3.9)] characteristic
of constant surface concentration.

cases cited in the Introduction. The function g(¢&, n) is
displayed in Figs. 2 and 3.

3. DISCUSSION

The dimensional form of the concentration distri-
butions is

C(X, Y) = Co[1—v,(v,+v,A**/K)" g(¢,n,)],

(3.1a)
Cy(X, Y) = Cov, A2 (v, +v,A*P/K) " 1g(&, 1),

(3.1b)
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in which [cf. equations (2.15) and (2.12)]
g n) = [r@/3)]"!

x ‘ dsexp(—s ) f[(1—n3/s))13] (3.2)
Here f is considered a function of ¢. The surface
concentrations are given formally by equations (3.1)in
which freplaces g. Two related quantities of interest
are the reaction rate (2.4b)

&) = k[C,(X,00=K~'C,(X.0)]

=k Co[1=11D)]. (3.3)
and the product to reactant ratio
C,(X,0)
C,(X.0)

- i1+ K
Loy,
Equation (3.3) displays the local reaction rate in a
remarkably simple form, and equation (3.4) allows a
discussion of “closeness to equilibrium”. To this end
first observe that for small x, equation (B.4b) of
Appendix B reads in this case

F(€) = &/T(4/3)+0(&%), 3.
and formula (B.5b) yields
S~ 1=E71/F(2/3)+0(E7?)

for large x. “Large” and “small” refer to the magnitude
of the axial coordinate ¢ = fx'/ given by equation
(2.13) in dimensional form. For example, all other
parameters being equal, ¢ is smallest when K » 1, ie.
when the reaction (2.1) is driven to the right, or when
A « 1,1ie. the product diffuses faster than the reactant.
Thus for & « 1, the reaction rate (3.3) approximates its
maximum admissible value k,C,. Likewise the com-
position ratio (3.4) is of order O(£) since the product
has barely begun to form. On the other hand, for & > |
the reaction rate approaches zero as k,Co/EI(2/3), and
the composition ratio tends towards K[1+0(7")]).
Note that. in this case, C,/C, can be close to its
equilibrium value K, yet the reaction rate can be quite
large due to the possibly large multiplicative factor
k,Co.

It is instructive to examine the full concentration
distributions in these asymptotic limits. The retarded
argument of f in equation (3.2) never exceeds &, so that
expansion (3.5) applies when & <« 1, and

gi&m = [T4/3)]°

X dsexp(—s)E(1 —n3/s*)'.
The substitution t!* = /s takes the integral into the
form (C.1) of Appendix C. It is evaluated there and one
gets

(99}
n
p

(3.6)

(3.7

) = [¢/T(@/3)]) [exp(=n)=nT(2/3,.n%)].

(3.8)

One recognizes expression (1.4) for constant surface

flux since it is easy to see that &/T(4/3)=

R. GHEzZ

(v +v A*3/K)(9x)"3/T(2/3). On the other hand. for
& 1he argument of [ in equation (3.2) is large for
most values of s so that expansion (3.6) holds. One
then gets

' dsexp(—s")

gi&.m~ T3]

= T2y, (A9

anexpression identical to equation (1.3), Le. the case of
constant surface concentration. The dashed lines in
Figs. 2 and 3 represent the asymptotic cases (3.8) and
(3.9), respectively.

Finally, one recognizes that the intermediate region
¢ =1 does not admit a similarity solution because
sarface conditions are variable [8-9]. Thus the sol-
ution for an irreversible reaction (K > 1) proposed by
Bowen et al. {[20], equation (2.44)] is wrong. Of
course, Lévéque’s approximation breaks down in
ducts when Y > 1B. Since the concentration distri-
butions have a boundary-layer character, this puts an
upper limit to the possible values of X, in accordance
with equation (2.16). More complicated reaction
schemes, sequential or parallel, can be analyzed in the
same manner. These results will be published shortly,
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APPENDIX A

The notation of Bird et al. ([4] chapter 16) is used
throughout. Consider the steady state flow of N species 4,(a
= 1...N) that do not react homogeneously. The following
conservation laws hold in a region D

Vo, =0, (A.1)
and V- pv = 0 by summation over species. Assume that these
species react heterogeneously on a part Z of D according to
the R reactions (i=1...R)

Y vaud, 20. (A.2a)

Here the stoichiometric coefficients are positive for products
and negative for reactants ([21] p. 10). Each reaction must
satisfy mass conservation

Y M, =0, (A2b)

where M, is the molar mass. If the reactive surface X is
approximately immobile, and if the species 4, neither accu-
mulate on it nor diffuse into the solid, then the following
balance law must hold on X ([21] p. 19).

—non,+ Y, vaM,r; = 0. (A3)

Here nis the unit normal to X pointing into the fluid, and r; is
the (molar) reaction rate of the ith reaction. Summing (A.3)
over species and using (A.2b) gives n-pv = 0. Since the
tangential component of ,v must vanish, it follows that the
boundary conditions on v for a mixture obeying (A.3) are the
same as for a pure fluid, i.e., v = 0 on X. Inserting the diffusion
fluxes j, = n,—p,vinto (A.1) and (A.3) gives then

V:p,v+V-j,=0,in D,
—nj,+ 2 VM, =0, 0n Z.

Now if the fluid is incompressible and if the diffusion currents
can be expressed in the form of Fick’s law j, = —D,Vp,, then
equations (A.4) reduce to

v-Vp,=D,V?p, in D,
D, dpafon+ Y. vuM,r; =0, on .

(A.52)
(A.5b)

Reaction rates are usually expressed as polynomials in the:

molar concentrations C, = p,/M,; thus equations (A.5)
assume the convenient final form

v-VC, = D,V2C,, in D,
DBCJon+ Y, Vi =0, on X.

(A.6a)
(A.6b)

Here the barycentric velocity v enters into the convection
term of (A.6a) rather than the mole average velocity; the
latter is not immediately obtainable from the Navier-Stokes
equations.

APPENDIX B
Consider the inverse Laplace transform
¢tie Bexp(px)
cmim PP HB)
where f > 0 and n is real> 1. The integrand has a branch
point at the origin and poles of phase nz(2k — 1), where kis an
integer. These latter lie outside the principal determination
[—mn] for n> 1, and therefore do not contribute to the

inverse transform. It is then easy to evaluate the integral over
Bromwich’s contour to give

nsinm/n [©  exp(—pf"xt")

Jo 2+ 2t cos (n/n) + 1

Several remarks are in order. First, the variable x only
occurs in the combination 8"x. Second, the integrand has no
real poles, so the integral converges and can always be
evaluated numerically. Third, the formula reduces to f, = 1
—exp(f?x)erfc(Bx*/?) as it should for n =2 ([19] p. 233).
Fourth, the limits f,(0) = 0 and f,(c0) = 1 result from (B.2)
and correspond to the appropriate limits of the Laplace
Transform

n

L(X)=LJ

B.1
2in B.1)

Jalx)=1 dr. (B.2)

U

B
p(p"+B)

The asymptotic behavior is easily obtained from (B.3). For
small values of x, it suffices to expand around p — oo ({17]
chapter 33):

F.(p) = i (= 1)kget1p=t-th+tim,
k=0

F.(p) = L[£.(x)] = (B.3)

(B.4a)

Term by term inversion yields
Sx) = (=D¥Bx'M* YT+ (k+1)/n], (BAb)
k=0
a series which converges for all values of fx!/". On the other
hand, the behavior for large x arises from an expansion
around p = 0 ([17] chapter 37)

©

Fy(p)= 3 (—1)pkpikm, (B.5a)

k=0

hence the asymptotic series
Sy~ X (= 1FBx'™)HT(1—k/n).  (B.5b)

k=0
Ifnis aninteger, then all terms of (B.5b) vanish for which kisa
multiple of n.

APPENDIX C
Evaluate the integral

1
J(z)=J 4B =) B exp(—2z/t)de. (C.h
[

The change of variables s = (1 —¢)*/3¢~ 13 reduces it to

J@) =3 J“" s*exp[—z(1 +5%)]
o 1+s°

and its derivative with respect to z is then

ds, (C2)

J(z) = —T(4/3)z"*3exp(—2). (C3)
Since J(o0) = 0 one gets immediately
J(z) =T(4/3)r(—1/3, 2). (C4)
A recursion formula
I'n+1,z) =nl(n,z)+z"¢"* (C.95)

for the incomplete gamma function is obtained by parts just
as in the case of the ordinary gamma function. Thus (C.4) can
be written

J(z) = 3T(4/3)[z~ P e™* —T'(2/3, 2)]. (C.6)
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TRANSPORT MASSIQUE ET REACTION EN SURFACE
DANS L’APPROXIMATION DE LEVEQUE

Résume—-Cet article concerne le probleme géneral du transport de plusieurs composants et de la réaction
hétérogéne dans 'approximation de Lévéque. Le probléme admet toujours une solution analytique quand
les réactions pariétales sont du premier ordre en concentration. On trouve ici des expressions explicites pour
des distributions de concentrations dans le cas d’un saut unique reversible a la surface, mais la procédure
s’applique également a des séquences arbitrairement complexes de tels sauts. Le comportement de la solution
dépend principalement de la valeur d’un paramétre axial adimensionnel. En plus de la distance a 'axe et de la
vitesse moyenne, il gouverne les coefficients de diffusion, les constantes de vitesse de réaction et les coefficients
stoichiométriques. Pour des petites valeurs de ce paramétre, la solution est comme st la surface était une
source a flux constant ; pour des grandes valeurs, comme si la surface était & concentration constante. Ainsi la
solution montre un changement continu du probleme de Neumann a celui de Dirichlet.

STOFFUBERGANG UND OBERFLACHEN-REAKTIONEN IN
LEVEQUE’S NAHERUNG

Zusammenfassung——Diese Arbeit behandelt das allgemeine Problem des Stoffiibergangs mit heterogener
chemischer Reaktion von mehreren Komponenten mit Lévéque’s Niherung. Das Problem 148t immer eine
analytische Losung zu, wenn die Oberflichenreaktionen von erster Ordnung in den Konzentrationen sind.
Hier wurden explizite Ausdriicke fiir die Konzentrationsverteilungen gefunden fiir den Fall eines einzigen
reversiblen Oberflichenschnittes. Der analytische Losungsablauf gilt jedoch genauso fiir willkiirlich
komplexe Folgen solcher Schritte. Die Eigenschaft der Losung hingt hauptsidchlich vom Wert eines
dimensionslosen Axialparameters ab. Abgeschen von dem axialen Abstand und der mittleren Geschwindig-
keit, enthilt die Losung alle Diffusionskoeffizienten, Reaktionskonstanten und stochiometrischen Koeffi-
zienten. Fiir kleine Werte des Axialparameters verhlt sich die Losung, als wire die Oberfliche eine Quelle
konstanten Stromes fiir groBe Werte, als bestdnde in der Oberflache konstante Konzentration. Die Losung
weist also einen kontinuierlichen Wechse! von einem Neumann-Problem zu einem Dirichlet-Problem auf.

NEPEHOC MACCB] Y TETEPOTEHHbLIE PEAKLUWW B INMPUBJIMKEHWU JIEBEKA

Annoranna — CTaTbsl NocBsilleHa oOLued npoblieMe NEpeHOca B MHOTOKOMITOHEHTHOH CHCTEME C
reTeporeHHol peakuueit B npubamkenun Jleseka. Jlannas 3a1a4a BCerja A0NYCKaeT aHATHTHYECKOE
pelleHHe, EC/TH PEAKLIUM Ha IOBEPXHOCTH AB/IIOTCS PEAKLMAMY MEPBOTO MOPAAKA MO KOHUEHTPALMAM.
B SBHOM BHIE [OJyYeHbI BLIDAXEHMS [fl PACTIpene/ieHHs KOHLEHTPalUHK i OfHOH oGpaTumoit
CTA/lMM¥ HA NIOBEPXHOCTH, HO METOJMKA PABHONMPHMEHHMA M K NPOH3BOJIHOM CNOXHOH nocnenosa-
TeNbHOCTH Takux cTazuil. ITOBEJCHUME pELICHHMsI 3aBHCHT OT BE/UYHHBI 0€3pa3sMEpPHOro OCeBOTO
napamerpa. IIOMHMO akCHafAbHOTO DAacCTOSHHS M CPEAHEH CKODOCTH OH BKJIIOMAaeT BCe KO-
duuMeHTbl aubQy3nH, KOHCTAHTBI CKOPOCTEH Peakiii M CTEXMoMeTpuyeckue koddbduuuerTsl. [1pu
MaJibIX 3HAYEHHSIX 3TOrO MapameTpa pellieHHe BemeT cefs Takum o6Gpa3oM, kak eciu Obi nosepx-
HOCTb ABNANACH HCTOYHHKOM IOCTOSHHOIO MAaCCOBOrO MOTOKA, a MpH OOJbLIMX 3HAYEHMAX — Kak
€CNM Ha MOBEPXHOCTH MMeENa MECTO MOCTOSHHAsA KOHLEHTpauus. Takum o6pa3om, pelleHue AeMOH-
CTpUpYeT HempepbiBHbIi nepexod oT 3a1a4yn Heitmana k 3anave dupuxie.



